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Abstract. In this paper we answer a question of Gabriel Navarro about orbit 
sizes of a finite linear group H C GL(V) acting completely reducibly on a 
vector space V: if the ff-orbits containing the vectors a and b have coprime 
lengths m and n, we prove that the H-orbit containing a + b has length mn. 
Such groups H are always reducible if n,m > 1. In fact, if H is an irreducible 
linear group, we show that, for every pair of non-zero vectors, their orbit 
lengths have a non-trivial common factor. 

In the more general context of finite primitive permutation groups G, we 
show that coprime non-identity subdegrees are possible if and only if G is of 
O'Nan-Scott type AS, PA or TW. In a forthcoming paper we will show that, 
for a finite primitive permutation group, a set of pairwise coprime subdegrees 
has size at most 2. Finally, as an application of our results, we prove that a 
field has at most 2 finite extensions of pairwise coprime indices with the same 
normal closure. 



1. Introduction 

1.1. Completely reducible linear groups. In this paper we are concerned with 
the orbit lengths of a completely reducible linear group and with the subdegrees 
of a primitive permutation group. Given a field k, a fciJ-module V is said to be 
completely reducible if V is a direct sum of irreducible fcTJ-modules. Furthermore, 
the set of subdegrees of a finite transitive permutation group G is the set of orbit 
lengths of the stabilizer G u of a point lu. 

Our first main result is a positive answer to a question of Gabriel Navarro [24] 
about actions of a finite linear group. Indeed, Navarro asked whether a finite 
completely reducible fci?-module V with two iJ-orbits of relatively prime lengths 
m and n has an orbit of size ran. 

Theorem 1.1. Let k be a field, let H be a finite group, let V be a completely 
reducible kH -module and let a and b be elements of V . If the H-orbits a H and b H 
have sizes m andn, andm,n are relatively prime, then C#(a + 6) = C#(a)nC#(&) 
and the H-orbit (a + b) has size mn. 

We note that Theorem 11.11 explicitly exhibits an .ff-orbit of size mn, namely 
the orbit containing a + b. Furthermore, Example 13.11 shows that the "completely 
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reducible" hypothesis in Theorem 11.11 is essential. Martin Isaacs [TU Theorem] 
has proved a similar result under stronger arithmetical conditions on m, n and the 
characteristic of k. 

Our second main result is a somehow remarkable theorem (in our opinion) on 
irreducible linear groups. Theorem ll.2l shows that the groups arising in Theorem ll.il 
are always reducible if n, m > 1. 

Theorem 1.2. Let k be a field, let H be a finite group, let V be a non-trivial 
irreducible kH -module and let a and b be in V \ {0}. Then the sizes of the H -orbits 
a H and b H have a non-trivial common factor. 

The strategy for proving Theorem 1 1.2 1 is to reduce the problem inductively to the 
case where H is a non-abelian simple group which admits a maximal factorization 
H = AB with \H : A\ relatively prime to \H : B\. Table Q] contains all such 
triples (H,A,B). In the case where H is a sporadic simple group, we use the 
information in Tabled] for the proof of Theorem 1 1.2 1 Furthermore, we observe that 
as a consequence of Theorem II .21 if (H, A, B) is one of the triples in Table [TJ then 
there are no irreducible representations of H with A and B vector stabilizers. 

A direct application of Theorem 11.21 gives the following corollary. 

Corollary 1.3. Let k be a field, let H be a finite group, let V be a non-trivial finite 
dimensional kH -module and let a and b be elements ofV. If both H -orbits a H and 
b H span V, then \a H \ and \b H \ have a non-trivial common factor. 

In the same direction as Corollarv ll.3| in the case of p-soluble groups, we prove 
the following theorem. 

Theorem 1.4. Let k be a field of characteristic p > 0, H a p-soluble finite group, 
V a kH -module and a £ V fixed by a Sylow p-subgroup of H and with the H -orbit 
a H spanning V . Then 

(a) dimCy(-ff) < 1; and 

(b) ifbeV andgcd(\a H \,\b H \) = 1, thenb&C v (H). 

Here, by abuse of notation, "0-soluble finite group" means "finite group" and 
a "Sylow 0-subgroup" is the "identity subgroup" . In the proof of Theorem 11.41 
we do not make use of the Classification of the Finite Simple Groups. Moreover, 
since in an irreducible fci7-module V every non-trivial ff-orbit spans V, we see 
that Theorem 11.41 (b) generalizes (for the class of p-soluble groups) Theorem 11.21 
and, in particular, offers an independent and more elementary proof. Note that if 
p does not divide the order of H (including the case p = 0), then H is p-soluble, 
the Sylow p-subgroups of H are trivial and, in particular, Theorem 11.41 applies in 
this situation. 

1.2. Coprime subdegrees in primitive permutation groups. In the more 
general context of finite primitive permutation groups G, we investigate coprime 
subdegrees according to the O'Nan-Scott type of G. (We say that a subdegree d 
of G is non-trivial if d ^ 1.) In particular, Theorem 11.21 yields that the primitive 
permutation group G = V x H acting on V has no pair of non-trivial coprime subde- 
grees. One of the most important modern methods for analyzing a finite primitive 
permutation group G is to study the socle N of G, that is, the subgroup generated 
by the minimal normal subgroups of G. The socle of an arbitrary finite group is 
isomorphic to a direct product of simple groups, and, for finite primitive groups 
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these simple groups are pairwise isomorphic. The O'Nan-Scott theorem describes 
in detail the embedding of N in G and collects some useful information on the 
action of N . In [2 6) eight types of primitive groups are defined (depending on the 
structure and on the action of the socle), namely HA (Holomorphic Abelian), AS 
(Almost Simple), SD (Simple Diagonal), CD (Compound Diagonal) , HS (Holomor- 
phic Simple), HC (Holomorphic Compound), TW (Twisted wreath), PA (Product 
Action), and it is shown in 18J that every primitive group belongs to exactly one 
of these types. 

Theorem 1.5. Let G be a finite primitive permutation group. If G has two non- 
trivial coprime subdegrees, then G is of AS, PA or TW type. Moreover, for each of 
the O'Nan-Scott types AS, PA and TW, there exists a primitive group of this type 
with two non-trivial coprime subdegrees. 

It is possible, for a single primitive group to have several different pairs of non- 
trivial coprime subdegrees. We give a construction of groups of PA type with this 
property in Example 14.31 However, in the case of primitive groups of TW type, it 
is not possible to have as many as three pairwise coprime non-trivial subdegrees. 

Theorem 1.6. For a finite primitive permutation group of TW type, the maximal 
size of a set of pairwise coprime non-trivial subdegrees is at most 2. 

Using the Classification of the Finite Simple Groups, we have proved the follow- 
ing theorem in [8]. 

Theorem 1.7. Let G be a finite primitive permutation group. The maximal size 
of a set of pairwise coprime non-trivial subdegrees of G is at most 2. 

Theorem 11.71 is related to a result on primitive groups first observed by Peter 
Neumann to be a consequence of a 1935 theorem of Marie Weiss. Its statement [25"1 
Corollary 2, p. 93] is: if a primitive group has k pairwise coprime non-trivial sub- 
degrees, then its rank is at least 2 fc . Theorem 11.71 shows that this result can only be 
applied with k = 1 or k — 2. In light of Theorems ll.5l and ll.6[ proving Theorem 1 1.71 
reduces to consideration of primitive permutation groups of AS and PA type. In 
this paper we show that a proof of Theorem 11.71 reduces to a similar problem for 
transitive nonabelian simple permutation groups (it is this reduction that is used 
in [8] to prove Theorem 1 1.7j) . 

Definition 1.8. Let T be a nonabelian simple group and L a subgroup of T . We 
say that L is pseudo-maximal in T if there exists an almost simple group H with 
socle T and a maximal subgroup M of H with T M and L = T n M. 

We announce here a proof of the following theorem about nonabelian simple 
groups (which again will be proved in [5]). 

Theorem 1.9. Let T be a transitive nonabelian simple permutation group and 
assume that the stabilizer of a point is pseudo-maximal in T . Then the maximal 
size of a set of pairwise coprime non-trivial subdegrees of T is at most 2. 

Since a pseudo-maximal subgroup of T is not necessarily a maximal subgroup, 
we see that Theorem 11.91 is formally stronger than Theorem 11.71 for the class of 
nonabelian simple permutation groups. However, we prove in this paper that these 
two theorems are strongly related. 

Theorem 1.10. Theorem follows from Theorem \1.9\ 
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We conclude with a problem on relatively prime subdegrees in primitive groups. 

Problem 1.11. Determine the finite primitive permutation groups G having two 
non-trivial coprime subdegrees m and n for which mn is not a subdegree of G. 

This problem is related to another classical result due to Marie Weiss [25, The- 
orem 3, p. 92]: if m and n are non-trivial coprime subdegrees of a primitive group 
G and m < n, then G has a subdegree d such that d divides mn and d > n. In 
Problem 11.111 we suggest that (apart a small list of exceptions) d can be chosen 
to be mn. Actually, we know only one almost simple group G where d cannot be 
taken to be ran. 

Example 1.12. Let G be the sporadic simple group HS in its primitive permuta- 
tion representation of degree 3850 on the cosets of 2 4 .Sym(6). Using the compu- 
tational algebra system magma [4] , it is easy to check that the subdegrees of G are 
1, 15, 32, 90, 120, 160, 192, 240, 240, 360, 960, 1440. In particular, we see that 15 and 
32 are coprime but there is no subdegree of size 15 x 32=480. 

We are grateful to Michael Giudici for providing this beutiful example. 

We now give some examples which demonstrate that Theorem 11.71 is false for 
transitive groups that are not primitive. These examples show that there is no 
upper bound on the number of pairwise coprime non-trivial subdegrees for general 
transitive groups. 

Example 1.13. Let G be the direct product Ft x • • • xFi of £ Frobenius groups. For 
each i € {1, . . . ,£}, let 2Vj be the Frobenius kernel of Ft and let Ki be a Frobenius 
complement for Aj in f,. Assume that \Ki\ is coprime to \Kj\, for every two distinct 
elements i and j in {1, ... , £}. Write N = Nt X • • • X Nt and K = K x X • • • X Kg. 
Clearly, the group G acts on A as a holomorphic permutation group, that is, A acts 
on A by right multiplication and K acts on A by group conjugation. The stabilizer 
in G of the element 1 of A is K. Now, for each i G {1, ...,£}, let ni e A, \ {1} and 
let Wi = (1, . . . , 1, ni, 1, . . . , 1) be the element of A with ni in the i th coordinate 
and 1 everywhere else. Clearly, \u)f\ — \K : Cx(^i)| = \Ki\. Therefore G has a set 
of at least £ pairwise coprime non-trivial subdegrees. 

However, if we restrict to faithful subdegrees of a transitive group G, that is, 
subdegrees d such that there exists an orbit of length d of a stabilizer G a on which 
G a acts faithfully, then in fact we can show that a conclusion analogous to the 
statement of Theorem 1 1 . 71 does hold. We note that, in particular, every primitive 
permutation group has a faithful subdegree [12\ Theorem 3]. 

Theorem 1.14. Let G be a finite transitive permutation group of degree n > 1. 
Assume that G is not regular and let H be the stabilizer of a point. Then a set of 
faithful subdegrees that are pairwise coprime has size at most 2. Moreover, if the 
Fitting subgroup of H is non-trivial, then any two faithful subdegrees of G have a 
non-trivial common factor. 

The proof of Theorem 1 1 . 1 41 also yields the following result about field extensions. 

Theorem 1.15. Let k be a field and let k%, . . . , k t be finite extensions of k all with 
the same normal closure K . Assume that the indices [ki : k] are pairwise coprime. 
Then t < 2. 
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1.3. Structure of the paper. The structure of this paper is straightforward: 
we prove Theorem 11.21 Corollary 11.31 and Theorem 11.41 in Section [2] we prove 
Theorem ll.ll in Section[3] we prove Theorem ll.5l in Sectional we prove Theorems ll.61 
and ll.lOl in Section [5] we prove Theorems II . 141 and 1 1 . 1 51 in Section [6l and we give 
Table [T]in Section [3 

2. Proofs of Theorems 11.21 and 11.41 and Corollary 11.31 

We say that a factorization H = AB is coprime if \H : A\ is relatively prime to 
\H : B\ and both A,B are proper subgroups of H. Also H = AB is maximal if A 
and B arc maximal subgroups of H. We start by proving a preliminary theorem on 
finite classical groups. We let r denote the transpose inverse map of GL„(g), that 
is, x T = (x tr )~ 1 where x tr is the transpose matrix of x. We denote by CSp(2n, q) 
the conformal symplcctic group, that is, the elements of GLi2n(q) preserving a given 
symplectic form up to a scalar multiple. 

Theorem 2.1. Let n > 2. 

(a) : Every element o/GL„(g) is conjugate to its inverse in GL n (g)(r). 

(b) : Every element of GU n (q) is conjugate to its inverse in GU„ (q) (r) . 

(c) : Every element o/Sp(2n,q) is conjugate to its inverse in CSp(2n,q). 

(d) : Every element of0 e (n,q) is conjugate to its inverse in e (n,q), for 
' { ± , ° } ■ 

Proof. We prove (a) and (b) first. Let X — GL n (fc) be the algebraic group obtained 
by taking the algebraic closure k of the finite field ¥ q . Let F : X — > X be the Lang- 
Steinberg map obtained by raising each entry of a matrix x of X to the gth power, 
and G : X — > X the Lang-Steinberg map For. As usual, we denote by X F and 
by X G the fixed points of F and of G. In our case, we have X F = GL n (q) and 
X G = GU n (q). Let x be in X F . Then x tr and x are clearly conjugate in the 
algebraic group X and hence also x T — (x tr )~ 1 and x _1 are conjugate in X. Since 
the centralizer of any element of X is connected, it follows by the Lang-Steinberg 
theorem that x T and x~ Y are conjugate in X F . Therefore x and x^ 1 are conjugate 
in GL„(g)(r) and (a) is proved. Now, let x be in X G . As we have noted in the 
proof of (a), the elements x T and a; -1 are conjugate in the algebraic group X. 
It follows by the Lang-Steinberg theorem that x T and x~ x are conjugate in X G . 
Therefore x and x~ x are conjugate in GU„(g)(r) and (b) is proved. 

(c) and (d), when q is even, are the main theorem of [11] . Finally, (c) and (d), 
when q is odd, are proved in [28] . □ 

Given a field k and a kH- module V, we let V* = Honifc(V, k) denote the dual kH- 
module of V. Furthermore, we denote by Va the restriction of V to the subgroup 
A of H . Finally, if A is a subgroup of H and if V is a fcA-module, then we denote 
by Va = V ®kA kH the module induced by V from A to H. 

Lemma 2.2. Suppose that H = AB is a factorization. If V is a non-trivial 
irreducible kH-module, then either A fixes no element of V \ {0} or B fixes no 
element of V* \ {0}. 

Proof. We argue by contradiction and we assume that A fixes a £ V \ {0} and that 
B fixes b e V* \ {0}. 

Let £1 (respectively A) be the set of right cosets of A (respectively B) in H . 
Clearly, H acts transitively on f2 and A, and asfi = AB, the group B is transitive 
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on A and A is transitive on fi. Let k\ (respectively kg) be the permutation module 
for the action of H on fl (respectively A). Since A is transitive on A, the multiplicity 
of the trivial fcA-module k in (kg)A is 1, that is, dimHom/^fc, (kg)A) = 1. From 
Frobenius reciprocity, it follows that dimilomkH (k^( , kg) = dimHom/c^fc, (kg) a) = 
1. Therefore, the only ii-homomorphism of k^ to kg is the homomorphism ip with 
Ker ip of codimension 1 in k^ and with Imip the trivial submodule of kg. 

Since A fixes the non-zero vector a of V, we have ^ Hom/^fc, Va) = HomtH (fc^, V) 
and hence has a homomorphic image isomorphic to V. Similarly, since B fixes 
the non-zero vector b of V*, we have ^ Homj^fc, Vg) = HomkH(kg , V*) and 
hence kg has a homomorphic image isomorphic to V*. Using duality and the fact 
that k* = k, we obtain that (kg)* = (k*)g = kg has a submodule isomorphic 
to V** = V. This shows that there exists an iJ-homomorphism ip : k^ — >■ kg 
with A:^ /Kerip = V and with lm'0 = V. Since V is non-trivial, we obtain that 
dimHonifc# (k^, kg ) > 1, a contradiction. □ 

Here we say that a factorization H = AB is exact if A n B = 1 . 

Lemma 2.3. Suppose that H = AB is a coprime exact factorization. If V is a 
non-trivial irreducible kH -module, then either A or B fixes no element ofV \ {0}. 

Proof. We argue by contradiction and we assume that both A and B fix some non- 
zero vector of V. Let r be the characteristic of the field k. Since \H : A\ is relatively 
prime to \H ; B\ and Af)B = 1, we have that either r does not divide \A\ or r does 
not divide \B\. Replacing A with B if necessary, we may assume that r does not 
divide \B\. Since the characteristic of k is coprime to the order of B, the module 
Vb is a completely reducible fci3-module. Therefore, Vb — Wi © • • • © W s where 
Wi is an irreducible kB- module, for each i 6 {1, . . . , s}. Since B fixes a non-zero 
vector of V, we have that, for some i € {1, . . . , s}, Wi is a trivial fc£>-module. Now, 
Vg = Wi © • • ■ © W* and hence W* is a trivial submodule of Vg. This shows that 
B fixes a non-zero vector of V* , but this contradicts Lemma 12.21 □ 

The following lemma is Lemma 5.1 in [13] . 

Lemma 2.4. Suppose that every element of H is conjugate to its inverse via an 
element of Aut(H). If V is an irreducible kH-module, then V* = V x for some 
x e Aut(iT). 

Proof. Write G = H x Aut(iJ). We can view H as a subgroup of G. Since H 
is normal in G, from [23l Theorem 8.6] we see that the module M — (V§)h is 
completely reducible with irreducible summands V x , for x G G. Furthermore, 
since every element of H is conjugate to its inverse via an element of G, we obtain 
that the Brauer character of M is real valued. Now, from [531 Theorem 1.19 and 
Lemma 2.2], we see that completely reducible modules with real Brauer characters 
are self dual and hence M is self dual, that is, M* = M. Hence V* is an irreducible 
direct summand of M, and so V* = V x for some x G G. □ 

Lemma 2.5. Suppose that every element of H is conjugate to its inverse via an 
element of Aut(H). If H — AB is a coprime factorization and V is a non-trivial 
irreducible kH-module, then either A fixes no element of V \ {0} or B fixes no 
element of V \ {0}. 

Proof. From Lemma [2~4l V* = V x for some x G K\ii(H). As H = AB is a coprime 
factorization, we obtain H = AB X . 
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We argue by contradiction and we assume that A fixes the non-zero vector a of 
V and that B fixes the non-zero vector b of V. So B x fixes the vector b x of V x 
and, as V x = V* , the group B x fixes some non-zero vector of V*. This contradicts 
Lemma 12.21 applied to G = AS 1 , and so the lemma is proven. □ 

In the following proposition we prove Theorem 1 1.2 1 in the case that the group ff 
is a non-abelian simple group. 

Proposition 2.6. Let H be a non-abelian simple group, V be a non-trivial irre- 
ducible kH -module, and a and b be in V \ {0}. Then the sizes of the H -orbits a H 
and b H have a non-trivial common factor. 

Proof. We argue by contradiction and we assume that a H and b H have relatively 
prime sizes. Since \a H \ = \H : C#(a)| and \b H \ = \H : Cff(b)\ are coprime, 
H = Cjj(a)Cjj(6) is a coprime factorization. Now we use the classification of the 
finite simple groups. 

If H is a classical group, we see from Theorem 12.11 that every element of H 
is conjugate to its inverse via an element of Aut(ff). Clearly, the same result 
holds true if H is an alternating group. Therefore, if H is a classical group or 
an alternating group, we obtain a contradiction from Lemma 12.51 (applied with 
A = Cff(a) and B = Cjj(b)). This shows that H is cither an exceptional group of 
Lie type or a sporadic simple group. From Table [TJ we see that exceptional groups 
of Lie type do not admit coprime factorizations. Therefore, H is a sporadic simple 
group. Again, using TableQ] we see that the only sporadic simple groups admitting 
a coprime factorization are Mu, M23 and M24. In the rest of this proof we consider 
separately each of these groups. Note that Table Q] determines all possible coprime 
factorizations H = AB with A and B maximal in H . 

Case H = M\\. We first consider the case that Cjj(a) C A — L 2 (ll) and 
C H (b) C B = A/10. We have \H : A\ = 12, \H : B\ = 11 and A n B Alt(5). 
As 2 and 3 divide |ff ; A\ and as B = Alt (6). 2 has no subgroups of index 5, in 
order to have gcd(|ff : A\, \H : Cff(b)\) — 1, we must have B = C#(fe). Since 
|ff : Cn(b)\ = \H : B\ = 11 and |ff : Cjj(a)\ is coprime to 11, the group Cjy(a) has 
order divisible by 11 and hence it contains a Sylow 11-subgroup S. Now we have 
H = SCn(b) with S PI Cjj(b) — 1 and hence the result follows from Lemma [2~3l 

Now we consider the case that Cu(a) Q A = £2(11) and Cjy(6) C B = Mg.2. 
We have \H : A\ = 12, \H : B\ = 55 and An B = Alt (4). Since \A n B\ = \H : 
A\ = 12, by coprimality we have B = C#(6). Therefore, \H : Cjj(b)\ = 55 and 55 
divides |C^(a)|. From the subgroup structure of A = L 2 (H), we see that C_y(o) 
contains a subgroup S of order 55. In particular, H — SCn(b) and S f~l Cij(6) = 1, 
and the result follows from Lemma T2. 31 

Case H = M23. In this case we have three maximal factorizations to consider. We 
start by studying the case that Cjj(a) C A = M22 and Cfr(6) C B = 23 : 11. As 
|i? : A\ = 23andgcd(| J ff : Cjj(a)|, \H : C H (b)\) = 1, we have that 23 divides C H (b). 
Let 5 be a Sylow 23-subgroup of C H (b). Now, H = C H (a)S and C H (o)n5 = l, 
and the result follows as usual from Lemma 12.31 

The other two maximal coprime factorizations of M23 in Table [1] are exact and 
hence the result follows again from Lemma \2. 31 

Case H = M 2i . We have C B {a) C A = Af 23 , C ff (6) C S = 2 6 .3.Sym(6), 
|ff : A| = 24, |ff : ff| = 1771 = 7-11-23 and \AC\B\ = 5760 = 2 7 • 3 2 • 5. 
Since |ff : C#-(a)| is divisible by 2 and 3, and |ff : Cjj(6)| is relatively prime 
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to \H : Cir(a)|, we have that Cn{b) contains a Sylow 2-subgroup and a Sylow 
3-subgroup of H. Thus \C H {b)\ is divisible by 2 10 • 3 3 and \B : C H (b)\ < 5. Since 
B has no subgroup of index 5, we obtain B = C#(&). With a similar argument 
applied to Cjj(a), we get that 7-11-23 divides |Cjj(a)|. From [6], we see that M23 
has no proper subgroup of order divisible by 7, 11 and 23. Therefore A = C#(a). 

Let M be the permutation module k^. (Thus M is the permutation module 
of the 2-transitive action of H on a set ft of size 24. In particular, M is one of 
the modules investigated by Mortimer in [22 .) Since A fixes the non-zero vector 
a of V, we have Hom/^fc, Va) and so, from Frobenius reciprocity, we obtain 
Homfc#(Af, V) ^ 0. Hence the fciJ-module V is isomorphic to M/W, for some 
maximal /cii-submodule W of M. Let {e u ) u ^n be the canonical basis of M and let 
p be the characteristic of k. 

Let e = E we n e «» C = (e) and C 1 - = {E wG a c " e " I XLen c «; = 0}. Clearly, C 
and C -1 are submodules of M. Assume that p ^ 2,3. From [22J, Table 1], we see 
that the module M is completely reducible, M = C © C 1 - and C is an irreducible 
kH- module. Since V is a non-trivial kH- module, we obtain V = C . Since M is 
self dual, we obtain that M* = M and hence V* = V. Therefore, since B fixes the 
non-zero vector b of V, it also fixes a non-zero vector of T^*, but this contradicts 
Lemma 12.21 

Now assume p = 3. From [521 Lemma 2], we have that C C C and is the 
unique maximal submodule of M. Therefore W = C 1 - and = Al/C 1 - = C is a 
trivial fci7-module, a contradiction. Therefore it remains to consider the case p = 2. 

Since 2 divides |f2| = 24, we have C C C 1 . From [T5] Beispiele 2 6)], we see that 
C is the unique maximal submodule of M and hence V = M/C 1 - = C is a trivial 
fcff-module, a contradiction. □ 

Now we are ready to prove Theorems 11.21 11.41 and Corollary 11.31 

Proof of Theorem We argue by contradiction and we let H be a, minimal (with 
respect to the group order) counterexample. Let a,b £V \ {0} with \a H \ relatively 
prime to \b H \. 

If H is a cyclic group of prime order p, then every i?-orbit on V \ {0} has size p, 
a contradiction. Similarly, from Proposition 12.61 we see that the group H is not a 
non-abelian simple group. Thus H has a non-identity proper normal subgroup N. 
From the Clifford correspondence, Vjv = W\ © • • • ffi Wk with Wi a homogeneous 
/ciV-module, for each i S {1, . . . , fc}, and with acting transitively on the set of 
direct summands {Wi, . . . , Wk} of V. (A module is said to be homogeneous if it 
is the direct sum of pairwise isomorphic submodules.) Write a — yV. , ejj and 
b = with at, bi € Wi, for each i G {1, . . . , k}. Let i and J be in {1, . . . , k} 

with cii and bj ^ 0. Since H acts transitively on {Wi, . . . , Wk}, there exist /i 
and k in H with VF/ 1 = W\ and = Wi. In particular, replacing a and b by a' 1 
and fo* 1 if necessary, we may assume that i = j = 1. Since TV is a normal subgroup 
of H 7 we get that \a N \ divides \a H \ (respectively 16^1 divides \b H \). Furthermore, 
since N acts trivially on {W\, . . . , Wk}, we obtain that Cn{o.) Q Cjv(«i) and 
Cat(6) C Cjv(6i), that is, \a^\ divides \a N \ and |6^| divides \b N \. In particular, 
\di\ and 16^1 are coprime. 

As Wi is a homogeneous fcA^-module, there exists an irreducible fcA^-module U 
such that W\ = U\® ■ ■ ■ ®U r with Ui = U, for each I e {1, . . . , r}. Assume that U 
is the trivial kN- module. So, N acts trivially on W%. Since H permutes transitively 
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the set of direct summands {Wi, . . . , Wk} and since N is normal in H, we obtain 
that N acts trivially on V and N = 1, a contradiction. Therefore U is a non-trivial 
irreducible fcA^-module and, in particular, \a^\, \b^\ > 1. 

Write oi = X)[=i x i and &i = Z)i=i Vi witn e ^ii for eacn i e {1, . ..,r}. 
Since stabilizes the direct summands {U\, . . . , U r } of U, we obtain that Cjv(ai) = 
n[ =1 Cjv(a;,) and Cjv(&i) = n[ =1 Cjv(yj)- In particular, for each i G {l,...,r}, we 
have that \xf\ divides \a^\ and \yf\ divides l&^l- Since ai,&i ^ 0, there exist 
i,j G {1, ...,?'} with Xi 7^ and yj ^ 0. Fix yjj :[/;—>■ J7 and ^ : Uj ^ U two 
iV-isomorphisms and write x = ifi(xi) and y = fjiUj)- In particular, x and y are 
non-zero elements of the non-trivial irreducible fciV-module f7. Furthermore, since 
ipi and are TV- isomorphisms, we obtain Cjv(#t) = Cn(x) and Cj^(yj) = Cn{v) 
and thus jor^l and |y | are coprime. This contradicts the minimality of H and 
hence the theorem is proved. □ 

Proof of Corollary \1.SX We argue by contradiction and we assume that V is a non- 
trivial finite dimensional fciZ-module and that a and b are elements of V with 

V = (a h | h G H) = {b h \ h G H) and with gcd(]a H , = 1. Now we argue by 
induction on dim^ V . If V is irreducible, then the result follows from Theorem 1 1.2 1 
So, we assume that this is not the case. Let W be a minimal submodulc of V and 
suppose that V/W is non-trivial. Clearly, (a + W) H and (b + W) H span V/W and 
hence, by induction, the lengths of the orbits of (a + W) H and (b + W) H are not 
coprime. As \(a + W) \ divides \a H \ and \(b + W) H | divides \b H |, we have that 
\a H | and \b H \ are not coprime. 

Suppose now that V/W is the trivial fciZ-module. We claim that in this case 

V splits over W, that is, V = (v) © W for some element v of V fixed by if. If 
the characteristic of V is zero, then V is semisimple and our claim is immediate. 
Suppose that V has characteristic p > 0. Replacing a by & if necessary, we may 
assume that p \ \a H \ and hence Ch(o) contains a Sylow p-subgroup P of H . We 
claim that V = k © W, that is, V splits over W. The module V corresponds 
to an element S of Ext£;(fc,W) = H l (G, W*) (see [3 Section (III) 2] for the last 
isomorphism). On the other hand, V splits over W as a kP- module because P C 
Cjj(a) and a £ W. Thus 5 = in if 1 ^ w *)- However, from g] Theorem 10.3], we 
see that the restriction map res : H 1 (G,W*) —> H 1 (P,W*) is injective. So S = 
is H 1 (G, W*) and V splits over W. In particular, H fixes a vector and 

V = (v)@W. 

Write a — Xv + a' and b = fj,v + b' with A, fi G k, a' G W and 6' G W. Clearly, 
a',b' because a H and b H span V" and V" is not the trivial module. Similarly, W is 
not the trivial fcfZ-module. Since H fixes v, we have Off (a) = Cjj(a') and C/f (6) = 
C^f(&') and hence \a' H \, \b /H \ are relatively prime. This contradicts Theorem 11.21 
applied to the irreducible module W and to the vectors a',b'. □ 

Proof of Theorem \1.4\ Write A — C#(a). Since H is p-soluble and A contains a 
Sylow p-subgroup of H, the group H contains a p'-subgroup L with H = AL. (For 
example, H = AL for each Hall p'-subgroup L of H .) Now, let L be any p'-subgroup 
of H with = AL and define : V —> V by setting 
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We claim that Cy(L) = ipL(V). For v £V and y G L, we have 

So Vi(V) C C V (L). Conversely, if v € C V (L), then 

^i(u) = v x = = \L\v. 

As \L\ is coprime to p, we have v — ipL,{v/\L\) G V'.l(V)- 

We now show that C V (H) = C V (L). As L C ff, we have Cy(iJ) C C y (i). 
As H = AL, we have a H = a AL = a L . So, for every u G a H , the image i(>l(v) 
is a multiple of the sum of the elements of a L = a H . We deduce that iPl(v) is 
if-invariant, that is, H fixes ^l(w). Since a ff spans V, we obtain that H fixes 
every element of i/il(V) — Cy(L), that is, Cy(L) C Cy(iJ). 

Now we are ready to prove (a). Since a ff = a L and a H spans V, the vector 
space V is generated by a as a fcL-module. Thus, the map tt : kL — > V, given 
by 7r (S^eL a ^ 2 -) = SxeL a 2; aa: ' defines a fci-homomorphism of kL onto V. Since 
p is coprime to by Maschke's theorem the fcL-module V is isomorphic to a 
direct summand of the group-algebra kL. Therefore dimCy(i/) = dimCy(L) < 
dimC fcL (L) = f. 

We now prove (6). Let b G V with gcd(|a H |, \b H \) = 1. Write B = C v (b) and 
observe that H = AB. Since a is fixed by a Sylow p-subgroup of -ff , we see that p 
does not divide \H : A\ = \B : {AC\B)\ and so AnB contains a Sylow p-subgroup of 
B. As H is p-soluble, we get that B is p-soluble and that B contains a p-complement 
L, say. So, B = (ADB)L and H = AB = AL. In particular, we are in the position 
to apply the first part of the proof to L. Thus b G C V (B) C C V (L) = C V (H). □ 

3. Proof of Theorem 11.11 

In this section we use Theorem 11.21 to prove Theorem 11.11 We start by showing 
that the hypothesis "completely reducible" is essential. 

Example 3.1. Let p be an odd prime, V be the 2-dimensional vector space of row 
vectors over a field F p of size p, A be a generator of the multiplicative group F p \ {0} 
and 

H = {g, h) with 9 = (\ l)'^ = ( 

The group H has order p(p — 1) and has p + 1 orbits on V. Namely, for each 
a G F p \ {0}, the set {(x,a) \ x G F p } is an 7i-orbit of size p. Furthermore, 
{(0,0)} and {(a, 0) | a G F p \ {0}} are if-orbits of size 1 and p — 1, respectively. 
Write ei = (A,0) and e 2 = (0, 1 - A). We have C H (ei) = (g), C H {e 2 ) = (h) and 
C ff (ei + e 2 ) = (gh) + C ff (ci) n C H (e 2 ) = 1. 

Here is an example for the prime p — 2. Let H = Sym(4) be the symmetric 
group of degree 4 and M the permutation module with basis ei,e2,e3,e4 over 
a field k of size 2. It is easy to see that the only /ciJ-submodules of M are 0, 
M% = (ex + e 2 + e 3 + e^), M 2 — (ei + e 2 ,ei + e 3 ,ei + e 4 ) and M, and that 
G Mi C A/ 2 G M, that is, M is uniserial. Let V be the fcff-module M/M x . 
Clearly, H acts faithfully on V and, as M 2 /Mi is the unique proper submodule of V, 
we have that y is not completely reducible. Write a — ei+Mi and b = e\ +e 2 + Mi. 
We have C H (a) = ((2, 3), (3, 4)) and C H (b) = ((1, 2), (1, 3, 2, 4)) and so a H has size 
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4and6 ff has size 3. Finally, C H (a + b) = C H {e2+M 1 ) = ((1, 3), (3, 4)) ^ ((3,4)} = 
Ch(o) n ChQ)). Furthermore, the orbits of H on V have sizes 1,3 and 4. 

We note that an example similar to Example 13.11 is in [TBI Example 1]. 

Proof of Theorem \l.l\ As V is completely reducible, we have V = C\r(H) © W for 
some direct summand W of V. Clearly, replacing V by W if necessary, we may 
assume that Cy(H) — 0, that is, H fixes no non-zero vector of V. There is also 
no loss in assuming that V is generated by a and b as a fc_ff-module. Let V(a) and 
V(b) denote the /cif-submodules generated by a and b, respectively. We claim that 
V(a) n V(b) = 0, whence V = V(a) © V(b) and C H (a + b) = C H {a) n C H (b) as 
required. 

Suppose not. Let S be a simple fc-ff-submodule of V(a) nV(b). Since Ch(V) = 0, 
H does not act trivially on S. Since V is completely reducible, V — S © T as fcfZ- 
modules. Let 7r denote the projection of V onto 5 with kernel T. Clearly, \a H \ is a 
multiple of |7r(a) H | and similarly for b. Since 5 < V(a), n(a) ^ (and similarly for 
b). Thus, the lengths of the H-orbits in S of n(a) and 7r(6) are coprime contradicting 
Theorem □ 

We point out that from Theorem 11.11 we can easily deduce the following well- 
known result of Yuster (see [29] or [17l 3.34]). 

Corollary 3.2. Let H and A be finite groups with \H\ relatively prime to \A\ and 
with H acting as a group of automorphisms on A. If, for a,b € A, the H -orbits a H 
and b H have relatively prime size, then H has an orbit of size \a H \\b H \. 

Proof. As \H\ is relatively prime to |j4|, from [T4J, Lemma 2.6.2] we see that we 
may assume that A is a direct product of elementary abelian groups. In particular, 
from Maschke's theorem, A is a completely reducible ii-module, possibly of mixed 
characteristic. Now the result follows from Theorem ll.il □ 

4. Proof of Theorem 11.51 

The main ingredient in the proof of Theorem 1 1.5 1 is Theorem 1 1 . 2 1 and the positive 
solution of Fisman and Arad [9] of Szep's conjecture. 

Theorem 4.1. ;9 Let G = AB be a finite group such that A and B are both 
subgroups of G with non-trivial centres. Then G is not a non-abelian simple group. 

We start by considering some examples. 

Example 4.2. Primitive groups of AS type. From [21], we see that the 
sporadic simple group G = J\ has a primitive permutation representation of rank 
5 on a set A of size 266. The subdegrees of G are 1,11,12,110 and 132. In 
particular, G has two coprime subdegrees. No primitive group of smaller rank has 
this property: the proof of this assertion requires the classification of the finite 
simple groups [5] Remark, p. 33]. 

Now we give an infinite family of examples. Let p be a prime with p = ±1 mod 5 
and with p = ±1 mod 16, and let G = PSL(2,p). From [37] Chapter 3, Section 6], 
we see that G contains a maximal subgroup H with H = Alt(5). Consider G 
as a primitive permutation group acting on the set A of right cosets of H in G. 
Let K be a maximal subgroup of H with K = Alt (4). As 8 divides \G\, we see 
from [27, Chapter 3, Section 6] that N G (K) Sym(4). Let g e N G (K) \ H. 
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Then K = H H H 9 , \H : H (1 H 9 \ = 5 and so G has a suborbit of size 5 on A. 
Similarly, let now K be a Sylow 5-subgroup of H. Using the generators of H given 
in [271 Chapter 3, Section 6], we see, with a direct computation, that there exists 
g G N G (K) \ H with K = H C] H 9 . Therefore \H : H n H 9 \ = 12 and so G has a 
suborbit of size 12. Furthermore, another explicit computation with the generators 
of H shows that there exists g € G with H n H 9 — 1 . So G has a suborbit of size 
60 = 5 ■ 12. 

Example 4.3. Primitive groups of PA type. Let G be a primitive group of 
AS type on A with non-trivial coprime subdegrees a and b. Let 8, Si and 82 be in 
A with a = \Sf s \, b = \S^'\. For each n > 2, the wreath product W = GwrSym(n) 
endowed with its natural product action on 17 = A™ is a primitive group of PA type. 
Consider the elements a — (5,. . . ,5), (3 = (Si, . . . , Si) and 7 = (82, ■ ■ ■ ,82) of 17. 
We have \/3 Wa | = a n and \j Wa | = b n and so a n and b n are two coprime subdegrees 
of W. In many cases there are several pairs of coprime non-trivial subdegrees of 
W . For example, if n > 3 and n is coprime to 6, then the point /3' = (<5i, 5, . . . , 5) 
lies in a W^-orbit of size na and we have also na and b n as coprime non-trivial 
subdegrees. 

In particular, this construction can be applied with G and A as in Example 14. 21 

Example 4.4. Primitive groups of TW type. In this example we construct 
a primitive group of TW type with two non-trivial coprime subdegrees. We start 
by recalling the structure and the action of a primitive group of twisted wreath 
type. We follow [7J Section 4.7]. Let T be a non-abelian simple group, if be a 
group, L be a subgroup of H and ip : L — > Aut(T) be a homomorphism with the 
image of tp containing the inner automorphisms of T. Let R be a set of left coset 
representatives of L in H and T H be the set of all functions / : H —> T from H to 
T . Clearly, T H is a group under pointwise multiplication, and H acts as a group 
of automorphisms on T H by setting f x (z) — f(xz), for / G T H and for x,z G H. 
Write A = {/ G T H \ f(zl) = f(z)^ for all z G H and / G L}. It is easy to 
verify that A is an ff-invariant subgroup of T H isomorphic to T R . In fact, the 
restriction mapping / 1— > f \r is an isomorphism of A onto T R . The semidircct 
product G = N x H is said to be the twisted wreath product determined by H and 
tp. The group G acts on f2 = A by setting a nh = (an) , for each a G SI, n G A 
and h £ H. (In particular, A acts on f2 by right multiplication and if acts on f2 by 
conjugation.) From [7, Lemma 4.7B], we see that if H is a primitive permutation 
group with point stabilizer L and if the image of tp is not a homomorphic image of 
H, then G acts primitively on 17 and the socle of G is A. 

Write H = PSL(2, 7) 2 X (4) where t is the involutory automorphism of PSL(2, 7) 2 = 
PSL(2, 7) xPSL(2, 7) defined by (2, y) L = (y, x). Write L = {(x, x) \ x G PSL(2, 7)}(t) 
The group if is a primitive group of SD type in its action on the right cosets of L. 
Let T be PSL(2, 7) and let tp : L — > Aut(T) be the mapping sending (x, x)l 1 to the 
inner automorphism of T given by x, for each x G PSL(2, 7) and i G {0, 1}. Clearly, 
tp is a homomorphism whose image contains the inner automorphisms of T. Let G 
be the twisted wreath product determined by H and tp and let A be its socle as 
described above. Since H has no homomorphic image isomorphic to T, we see that 
G is a primitive permutation group on 17 = A. The group H is the stabilizer G/ 
of the function / : H — >• T mapping every element of H to the identity of T. 
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Write 



1 1 
1 



(regarded as an element of T). Let C = ((7) x (7)) x> (t) as a subgroup of H and 
define g : H ->• T by 



p¥>(0 if z = d, for some c G C and Z G L, 
1 if z G if \ CL. 



We claim that the function 5 is well-defined. In fact, if z = c\l\ = c 2 Z 2 for Ci,c 2 G 
C and Zi, Z 2 G L, then Z 2 Z^ E C Ci L = ((7,7))(i). Hence Z 2 = wZi with u = 
(7 fe , 7 fc )t l for some k G {0, . . . , 6} and i £ {0, 1}. In particular, since -f k centralizes 



7, we obtain ^(h) = j<p(u)<p(h) = 7 



/yv(J2) anc [ hence the image 7^^ is 



independent of the representation z = CiU of z. 

Fix z in H. Distinguishing the cases z G CL and z ^ CL, it is easy to verify 
that g(zl) — g{z) v ^ for each Z G L and z £ H, and hence g G O. For each 
c G C and z G if, we have <? c (.z) = g(cz) = 5(2), and hence C C Cn(g)- We 
claim that C = C#(g). Let /i = (h\,h,2)iP be in Cn{g)- Suppose that /i ^ CL. 
As ^(l) =7^1 and g h (l) = g(h) = 1, we obtain g ^ g h . Thus h e CL and 
Cnig) Q CL. As C C G H (g), replacing h by ch for a suitable element c G C, we 
may assume that ft. G L, that is, /i = (x,x)t 4 for some x G T and i G {0, 1}. Now 
7 = g (l) = g h (l) = g (h) = 7^). Hence x G C T (7) = (7), ft G C n L and our 
claim is proved. Thus the LLorbit containing g has size \H : C\ — 24 2 = 576, and 
576 is a subdegree of G. 

Write 



and 6 : 



(again thought of as elements of T). The element a has order 4, the element 6 has 
order 3, and (a, b) = Sym(4). Let D = ((a,b) x (a, b)) x (t) and let f = (7, 1). A 
direct computation shows that L>* ("1 L is a dihedral group of size 8, namely 



and with centre 



((a 2 , a 2 ), (r, r)t) with r = 



((77, 77)) where rj = r 2 



3 5 

4 

1 1 

5 6 



Define 

, . _ J r; v(7 ) if z = dtl, for some d E D and Z G L, 
(zj ~ \ 1 if z ^ DiL. 

We claim that the function h is well-defined. In fact, if z = d\th 
d\,d2 G D and Zi,Z 2 G L, then Z 2 Z^ 1 = t^d^dit G L>* PI L. Hence Z 2 = uZi with 



d 2 tZ 2 for 



eD'fli. In particular, since u centralizes (rj, rj), we obtain if^ 1 



<p(u)tp(h) 



tp(uh) 



rjvih) anc j so t ne j ma g e jyv(0 i s independent of the representation z = c/jiZj 
of z. 

Fix z in if. As above, by distinguishing the cases z G DtL and z ^ DiL, it is easy 
to verify that Zi(zZ) = h(z) v ^ for each Z G L, and hence h <E Q. From the definition 
of Zi, we see that for each <i G L> and z € H, we have ft d (z) = ft(dz) = Zi(z). Hence 
D C C H {h). Since L> is a maximal subgroup of if, we obtain D = Cjj(ft). Thus 
the ff-orbit containing /i has size if : D| = 7 2 = 49, and 49 is a subdegree of G. 
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This shows that G has two coprime subdegrees, namely 576 and 49. Now, using 
the computational algebra system GAP pjT], it is easy to show that Cij(fg) = 
Qff(/) H Ctf(g). In particular, the suborbit of G containing fg has size 576 • 49. 

Proof of Theorem ] 1.51 From Examples 14 . 2 [ |4~51 and 14 .41 and Theorem ll.2l it suffices 
to show that if G is a primitive group of type HS, HC, SD or CD, then G has no 
non-trivial coprime subdegrees. We argue by contradiction and we assume that G 
is a primitive group on of HS, HC, SD or CD type with two non-trivial coprime 
subdegrees. 

We first consider the case that G is of HS or HC type. Let N = T\ x • • • x Ti be the 
socle of G, with Ti = T for some non-abelian simple group T, for each i G {1, . . . ,£}. 
From the description of the O'Nan-Scott types in [26], we see that I is even (with 
I = 2 if G is of HS type and with i > 2 if G is of HC type). Furthermore, 
relabelling the indices {1, ...,£} if necessary, Mi = T\ x • • ■ x Ts/ 2 = T g l 2 and 
AI 2 = Tg/2+1 x ■ • • x are minimal normal regular subgroups of G, and 

can be identified with T e / 2 . Namely, the action of N on Q is permutation isomorphic 
to the action of T l l 2 x T l l 2 on T e / 2 given by 

z ( a .b) _ a -i z jj — (a-i^bj, . . . ,a~ 1 2 z e/2 b e/2 ), 

for a = (ai,...,a e / 2 ),b = (61, . . . , bt/2), z = {z\, . . . , z l/2 ) G T e / 2 . Under this 
identification, the stabilizer in T 1 ' 2 x T l l 2 of the element (1, . . . , 1) of T l l 2 is the 
set {(a, a) | a € T 1 / 2 } acting on T g l 2 by conjugation, that is, z^ a ' a " 1 = a~ 1 za. 

Let loi,uj 2 be elements of Q \ {ui} with m — coprime to n — \ui 2 u '\. 

Since N is normal in G, we have that ml — |o;f"| = \N U : N UjUl \ divides m 
and n' = = \N U : N UjU2 \ divides n. In particular, m! and n! are coprime. 

Identifying Q with T l l 2 (as above), uj with (1, . . . , 1), iV w with T l l 2 (as above), wi 
with (xi, . . . ,x i/2 ) and w 2 with (yi, . . . , y e / 2 ), we get 

N U)Ul = C T t/2((xi,...,x t / 2 )) = C T (xi) x •■• x C T (^/ 2 ) 
iV WjW2 = C T f/ 2 ((yi, ... ,2/f/ 2 )) = C T (yi) x ••• x C T (^/ 2 )- 

In particular, m' = Jliii \T ■ Cr(xi)\ and n' = Jljii l^ 1 : As m! is coprime 

to n' , for each i,j £ {1, . . . ,£/2}, the indices |T : Cr{xi)\ and |T : Ct(?/j)| are 
coprime and hence T = Ct (2^ )Ct (?/;)• As ui, w 2 =^ 1, there exist ?, j 6 {1, . . . , €/2} 
with Xi ^ 1 and yj =/= 1. So T = C^(a;i)CT(j/j) is a coprime factorization and 
Theorem 14. II yields that T is not a non-abelian simple group, a contradiction. 

It remains to consider the case that G is of SD or CD type. From the description 
of the O'Nan-Scott types in [55], we may write the socle N of G as 

N = (T M x • • • x TV) x (T 2 ,i x • • • x TV) x • • • x (T S)1 x • • • x T s , r ), 

with Ti j = T for some non-abelian simple group T, for each i € {1, . . . , r} and 
j G {l,...,s}: where r > 2 and s > 1 (with s = 1 if G is of SD type and 
with s > 2 if G is of CD type). The set f2 can be identified with (TV x • • • x 
TV_i) x (T 2il x • • • x TW x ■ • • x (T Sil x ■ • • x TW £ r 5 ^- 1 ' and, for 
the point w £ fi identified with (1, . . . , 1), the stabilizer AT U is D\ x • • • x D s = 
T s where A is the diagonal subgroup {(t, ...,£) |t G T} of T^i x ••• x Tj, r . 
That is to say, the action of iV^ on f2 is permutation isomorphic to the action of 
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T s on T s (' r ^ by "diagonal" componentwise conjugation: the image of the point 
(£1,1, • ■ ■ , £i,r- 1) ■ • ■ ) £s,ij ■ • ■ j Xs,r-i) under the permutation (ti, . . . , t s ) is 

. . . T L i^ r -iT L 2,li ■ ■ ■ ) • L 2,r—1> ' • • > x s,l> • • • > J/ a,r— 1/' 

Let u)2 be elements of Vt \ {w} with m = | coprime to n = \ui 2 u |. Since N is 
normal in G, we have that m' — \<jJ^™ \ = \N U : N u _ Ul | divides m and n' — \u>2" | = 
\N U : N UiU2 \ divides n. In particular, m' and nf are coprime. Identifying u)\ with 
(£1,1, . . . , £i, r _i, . . . , £ s ,i, . . . , £ s ,r-i) and w 2 with (yi,i, . . . , yi, r _i, . . . , j/ s ,i, . . . , j/ a , r -i), 
we get 

N UjUl = C T ((£l,l,---,£l,r-l)) X ••• X C T ((£ s ,l,...,£ s ,r-l}) 
iV w>W2 = C T ((y M , . . . ,yi, r _i)) x ••• x C T ((y s ,i, . . • , y s ,r-i))- 

In particular, m' = rj? =1 |T : C T ((£i,i, ■ ■ • ,aV- 1))| and n' = nl=i \ T '■ Qr((2/i,i, ■ ■ -,2/1,7—1}) 
As wi, W2 7^ w, there exist »i, ia € {1, . . . , r — 1} and ji, J2 G {1, • • • , s} with 
# 1 and y i2 j 2 ^ 1. Now, since Ct((xh,i, • ■ • , £u,r-i)) Q C T (o; ilJ1 ) C T and 
Cr((^i 2 ,ii • • • i £i 2 ,r-i)) Q ^T(xi 2 j 2 ) C T and since m' is relatively prime to n', we 
obtain T = Cr(£i 1J - 1 )Cr(£j 2 ,j 2 ). From Theorem 14. 1| T is a not non-abelian simple 
group, a contradiction. 

□ 

5. Proofs of Theorems 11.61 and 11.101 

Before proving Theorem 11.61 and 11.101 we need the following definition and lem- 
mas. 

Definition 5.1. If G is a finite group, we let /z(G) denote the maximal size of a 
set {Gi}i S / of proper subgroups of G with \G : Gj| and \G : Gj\ relatively prime, 
for each two distinct elements i and j of /. 

Lemma 5.2. If K is a direct product of isomorphic nonabelian simple groups, then 
(i(K) < 2. 

Proof. We have K = T% X • • • xT< with = T, for some nonabelian simple group 
T and for some £ > 1. We argue by contradiction and we assume that > 3, 

that is, K has three proper subgroups A\, A2 and A3 with \K : A\\, \K : A 2 \ 
and \K : A$\ relatively prime. Write a, = \K ; Ai\ for i e {1,2,3}. Replacing 
with a maximal subgroup of K containing A, if necessary, we may assume that 
Aj is maximal in K, for i £ {1.2,3}. In particular, (up to relabelling the simple 
direct summands of K) we have that either A\ = Mi X T 2 X • • • X Tf, (for some 
maximal subgroup M\ of T x ) or Ai = {(*i,*i) | h € T{\ X T3 X • • • X T% (for some 
isomorphism 77 : T± — >■ T2). In the latter case we have that a\ — \T\ is not relatively 
prime to a 2 and to 03, a contradiction. Therefore, up to relabeling the indices, 
we may assume that Aj = Mi x T2 x • • • x Ti with Mj a maximal subgroup of 
Ti, for i £ {1,2,3}. This gives that the nonabelian simple group T\ admits three 
coprime factorizations 7\ = M Y M 2 = MiM 3 = M 2 M 3 with \T\ : M X \,\T X : M 2 \ 
and \Ti : M^\ relatively prime. A simple inspection in Table Q] shows that this 
is impossible. The same conclusion can be obtained using [2], where the authors 
determine all multiple factorizations of finite nonabelian simple groups T — M^Mj, 
for i and j distinct elements of {1,2,3}. In particular, it is readily checked that 
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in none of the multiple factorizations in [2] are the indices |T : M%\, \T : M2I and 
|T : M3 1 pairwise coprime. □ 

Lemma 5.3. Let G be a transitive permutation group on f2 and let u) be in Q. 
Suppose that N is normal in G u and N fixes a unique point on Q. Then the 
number of coprime subdegrees of G is at most fi(N). 

Proof. Let 0±, . . . , O r be orbits of G w on f2 \ {cj} of pairwise coprime sizes and let 
LJi G Oi, for i G {1, . . . , r}. Now the orbits of N on Oi have all the same size, mj 
say, and m; divides \Oi\. Since N fixes only the point u> of f£, we have that m,- > 1. 
Therefore {-^Vwi}ie{i,...,r} is a se t of proper subgroups of iV with pairwise coprime 
indices. Thus r < fi(N). □ 



Proof of Theorem \1.6[ Let G be a primitive group of TW type. We use the no- 
tation introduced in the first paragraph of Example 14.41 so G — N x H is the 
twisted wreath product determined by H and ip : L — > Aut(T). Recall that G 
acts primitively on N, with N acting on itself by right multiplication and with 
H acting on N by conjugation. In particular, H is the stabilizer of the point 
1 6 N. Let if be a minimal normal subgroup of H. From [7j Theorem 4.7B (i)], 
if is a direct product of nonabelian simple groups. Write I = \H ; L\. Hence 
N = Ti x • • • x T t with T l = T, for each ie {!,.,.,£}. Furthermore, L = N H (Ti) 
for some i 6 {1, . . . ,£}. Relabeling the Tj if necessary, we may assume that i = 1. 
From Theorem 4.7B (ii)], the group L is a core-free subgroup of H and hence 
K <£ L. 

We claim that K D L acting by conjugation on the simple group Ti induces 
all the inner automorphisms. If not, then K n L C C//(Ti) because if n T is 
a normal subgroup of T and Ti is nonabelian simple. Thus the homomorphism 
ip : L — > Aut(T) can be extended to a homomorphism (p : KL — > Aut(T) of the 
group KL by setting ip(kl) — <p(l), for each I G L and k 6 K. As L C ifT, this 
contradicts the maximality condition of IT in G given in [TJ Lemma 3.1 (6)], and 
the claim is proved. In particular, since if is a normal subgroup of ii and since 
H acts transitively on the £ simple direct summands {Ti, . . . ,T^}, we obtain that 
if [~l Nu{Ti) induces by conjugation all the inner automorphisms of Tj, for each 
i G {1, . . . , £}. This gives Cat (if ) = 1 and so if fixes a unique point of N. Now the 
proof follows from Lemmas 15.21 and 15.31 □ 

Before concluding this section we show that coprime subdegrees in primitive 
groups G of AS or PA type determine coprime subdegrees in transitive non-abelian 
simple groups T, and we give a strong relation between G and T. Let G be a 
primitive group of AS or PA type. We recall that from the description of the O 'Nan- 
Scott types in [26] the group G is a subgroup of the wreath product H wr Sym(^) 
endowed with its natural product action on A £ , with H an almost simple primitive 
group on A (we have I = 1 and G = H if G is of AS type, and I > 1 if G is of 
PA type). Furthermore, if T is the socle of H, then N = T\ x • • • x Tg is the socle 
of G, where T. k = T for each i G {1, . ..,£}. Write G % = N G {Ti) and denote by 
■Ki : d — > H the natural projection. From [35], we see that replacing H by iTi{Gi) 
if necessary, we may assume that TVi(Gi) is surjective. In this case, we say that H 
is the component subgroup of G. In particular, if G is of AS type, the component 
subgroup of G is G itself. 

(We recall that the definition of pseudo-maximal subgroup is in Definition 11.81 ) 
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Proposition 5.4. Let G be a primitive permutation group of AS or PA type acting 
on A £ with component subgroup H C Sym(A) and let T be the socle of H . For 
5 G A, the stabilizer Tg is a pseudo-maximal subgroup of T . Furthermore, if G 
has k non-trivial coprime subdegrees, then T acting on A has at least k non-trivial 
coprime subdegrees. 

Proof. As H is a primitive group of AS type on A, we have that Hg is a maximal 
subgroup of the almost simple group H with T Hg, for each 6 G A. Therefore 
Tg = T n Hs is a pseudo-maximal subgroup of T and, in particular, Nn{Tg) = Hg. 
Let A be the set of fixed points of Tg on A and let 61,82 6 A. By transitivity, 
there exists he H with 6% = S 2 , that is, Tg = Tg 2 = T S h = T£ = Tg. Therefore 
h G Nh(Ts) = Hg and A is the f/5-orbit containing S, that is, A = {5} and T5 fixes 
a unique point of A. 

Let 6 G A and write a = (S, . . . , 6) G A e . Let A = T\ x • • • x 2> be the socle 
of G. Clearly, G Q C Hg wr Sym(l ) and, as G a is a maximal subgroup of G and as 
A C G, we obtain A Q = (T x )a x • • • x (T^) 5 . 

Assume that G has fc non-trivial coprime subdegrees ni,...,rife. Now, there 
exist /3i = (<5i,i, . . . , 5i t e) with = |/3j °|, for i G {1, . . . , k}. Since A is a normal 
subgroup of G, we obtain that n[ — \[3™ a \ divides rij, and so n^, . . . , n' k are pairwise 
coprime. Furthermore 

/?f Q = (^.••• 5 M (Tl)5X '-' x(T ^=C l)Sx --- x ^ 

for each i G {1, . . . , k}, and so n- = rij_i 1^2' I" 

As is coprime with rij, for each distinct i and j in {1, . . . , k}, the subdegrees 
\8f* x \ and \S^y \ of T acting on A are coprime, for each x, y G {1, ... ,£}. Since for 
each i G {1, . . . , k} we have ft ^ a, there exists G {1, . . . , £} with 5ij i ^ S. Since 
Tg fixes only the element 5 of A, we have |<5^ | > 1. Thus |, . . • , |<Sp Jfc | are fc 
non-trivial coprime subdegrees of T acting on A. □ 

Proof of Theorem ] 1.1 (A Assume that Theorem 11.91 holds true. Let G be a prim- 
itive permutation group on f2 with three non-trivial coprime subdegrees. From 
Theorems 11.51 and II. 6\ G is of AS or PA type. Since Theorem 11.91 holds true, 
Proposition 15.41 yields a contradiction. □ 

6. Proofs of Theorems 11.141 and 11.151 

As usual, we denote by F(G) the Fitting subgroup of the finite group G, that is, 
the largest normal nilpotent subgroup of G. The proof of Corollary 1 1.1 41 and ll.151 
will follow from Lemma 16.11 and from the results in Section [5l 

Lemma 6.1. Let H be a finite permutation group. Let 0\, . . . ,Ot be H-orbits 
having pairwise coprime size, with |Oj| > 1 and with H faithful on Oi for each 
i G {1, . . . , t}. Then t < 2. Moreover, if F(H) ^ I, then t = 1 

Proof. For each i G {1, ...,t}, let Wj be an element of Oi and set Hi = H^ i . By 
hypothesis, Hi is a proper core- free subgroup of H . Let A be a minimal normal 
subgroup of H and set A; = Hi n A. As Hi is core-free in H, we have Ni C N. 
Note that \HiN : H, \ = |A : (Hi n A)| = |A : A,| and hence \H : Hi\ is a multiple 
of |A : Ni\. This shows that {Ni}i = i,... t t is a family of proper subgroups of A with 
I A : Ai| relatively prime to |A : Nj\, for each two distinct elements i and j in 
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{1, . . . ,t}. Hence t < ft(N). If N is a p-group (for some prime p) then fi(N) = 1 
and if N is non-abelian then /i(iV) < 2 by Lemma \5. 21 □ 

Proof of Theorem \1.14\ Let G be a non-regular finite transitive permutation group 
on £1 and let a be in fi. Set H = G a . The result now follows from Lemma IBTT1 □ 

Proof of Theorem \ 1 . 1 5i If t = 1, then there is nothing to prove. So we may assume 
that t > 2. We claim that K/k is a separable extension (and so, as K/k is normal, 
a Galois extension). This is clear if k has characteristic 0. Suppose then that k has 
characteristic p > 0. Now, if for some i G {1, . . . ,t}, the extension ki/k is separable, 
then Kj k is separable (being the normal closure of a separable extension) . Therefore 
we may assume that ki/k is inseparable, for each i G {1, ...,t}. This gives that p 
divides [&i : fe], for each i € {1, . . . , i}. As t > 2, we obtain a contradiction and the 
claim is proved. 

Let H be the Galois group Gal(iC/fc) and set Hi — G&\(K / 'ki) , for i G {1, . . . , t}. 
Since the normal closure of ki is K , we obtain that Hi is core- free in H . Therefore 
H\ , . . . , H t is a family of core- free subgroups of H of pairwise coprime index. Now 
apply Lemma UTTl to obtain t < 2. □ 

7. Coprime factorizations of non-abelian simple groups 

Liebeck, Praeger and Saxl [19l [20] completely classified the maximal factoriza- 
tions of all finite almost simple groups. Tables 1-6 and Theorem D of [T^] determine 
all the triples (G, A, B) where G is a nonabelian simple group, and A and B are 
maximal subgroups of G with G = AB. 

Now, if A' and B' are subgroups of G with \G : A'\ relatively prime to \G : B'\, 
then G = A'B' . In particular, A' and £?' give rise to a coprime factorization 
of G. Moreover, if A (respectively B) is a maximal subgroup of G with A 1 C A 
(respectively B' C B), then G = is a maximal coprime factorization. Therefore, 
the list of all non-abelian simple groups admitting a coprime factorization can be 
easily obtained with some elementary arithmetic from [19] . Namely, for each triple 
(G,A, B) in Tables 1-6 and in Theorem D of [19] . it suffices to check whether 
|G : A | is relatively prime to |G : B\. Table [T] in this paper gives all possible 
maximal coprime factorizations (G, A, B) and, in particular, the list of all non- 
abelian simple groups admitting a coprime factorization. The notation we use is 
standard and follows the notation in [19j Section 1.2]. 
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